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ON  JONES'  CRITERION  FOR  THIN  WINQS  OF  HININIJH  DRAQ 


Ixi  r«f«r«nce  1 Jones  has  derived  necessary  oooditlons  for  minimsa 
drag  shapes  of  thin  vings  subject  to  conditions  of  given  Ufty  given  aaxl- 
onn  drag  or  given  volvne*  In  deriving  these  conditions,  the  concept  of 
the  "combined  flov  field*  was  used,  Tnis  consists  of  superinposing  the 
flow  fields  of  the  forward  and  reversed  motions.  In  this  note,  it  is 
shown  how  these  conditions  »ay  be  derived  using  the  standard  methods  of 
calculns  of  variations  and  the  general  reverse  flow  theorem,^  The  method 
will  be  illustrated  for  the  ease  of  given  lift.  In  addition  it  is  shown 
that  the  necessary  condition  actually  yields  a nlniciugi  for  the  drag. 
Linearised  theory  is  assimed  throu^ont. 

Let  p and  a denote  the  local  lift  and  angle  of  attack  distributions 
in  forward  flov.  These  are  defined  on  the  projection  of  the  wing  surface 
on  a mean  plane.  This  area  is  denoted  by  S and  all  integrations  are  over 
this  area.  As  in  reference  3,  two  types  of  reverse  flov  are  considered. 

In  the  first,  the  lift  in  reverse  flow  1$  » p,  and  d is  determined  from 
linearised  theory.  In  the  second,  the  angle  of  attack  in  reverse  flov 

a ■ - s,  and'p  Is  determined  from  llntsarlsed  theory.  The  reverse  flow 
thwiram  otatos  that 

Jp  d d S • Jp  a d 8 (1) 

and  similarly  for  the  second  type.  Since  p and  a are  related  linearly, 
p ♦ € q must  correspond  to  a ♦ < p where  ^ is  the  angle  of  attack  distri- 
bution corresponding  to  the  lift  q.  Defii'dng  the  variation  of  p, 

6 p - < q 


then  the  variation  of  a is 


6 a ^ P 

The  reverse  flow  theoron  can,  of  course,  be  applied  to  5p  and  6a. 

G^aslder  now  the  variational  problem  of  minimizing  the  drag,  D,  sub- 
ject to  conditlor.  of  a given  lift  L.  Since 

’ • Jp  a d S (2) 

I - J^p  d 3 (3) 
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the  D * \ Lj  where  X Is  an  undetemlned  constant  Koltlplierj 

shoTsld  be  minimised  according  to  the  roles  of  the  oaleolus  of  rarlatlons. 
Then 

6 (D  ♦ X L)  - f (p  6 a ♦ o 6 p ♦ X 6 p)  d S (U) 

Since  p " p>  the  first  term  of  the  Integrand  can  be  written 

J'p6odS«^p6adS 
- f S 6 p d S 

>J 

Thus  (U)  can  be  written 

S(D  + XL)«  C(H4.aeX)6pdS 
«/ 

Since  the  variation  of  D X L must  be  sero  for  arbitrary  6 Pj  the  necessary 
condition  for  minimosi  drag  with  given  lift  is 

a + S ■ - X - Conotant 


^ich  is  Jones'  criterion.  Multiplying  the  last  equation  by  p and  Integrating 
detenslnes  X,  so  that 


a 4 a • 


2 D 
"T 


(5) 


The  criterion  car.  be  floqpressed  izi  a different  form  involving  the  second 
type  of  reverse  flow.  Let  the  flat  plate  of  unit  an|p.s  of  attack  be  dsnstod 
by  l.e.  ■ 1.  The  lift  can  be  written 


L»  ^iidS^J'sjpdS 


- j <x^  p d S 

- fpij.  a d S 


Taking  the  first  v^iriatlon  as  in  (U)  yields 

6(D4Xl)«  j(p  — p — X pj)  6 >tt  d S 
and  since  6 a is  arbitrary 


F 


where  now 


X • 


2 D 
L 


The  question  of  ^at  type  of  functions  p and  c are  adalssible  in  the 
variational  process  needs  to  be  discussed.  It  is  known  that  the  reverse 
flow  'Uieoremj  eq.  (l),  does  not  hold  if  the  lift  has  a leading  edge  sing- 
xilarlty  in  forward  floW|  since  the  wing  in  reverse  flow  does  not  satisfy 
the  Kutta  condition  at  the  trailing  edge.  Therefore  admissible  functions 


U 


n nsust  be  such  that  they  oic  not  have  leading  edge  singularities.  Ssuever 
there  are  indications  that  Jones'  orlterion  is  valid  even  for  functions  p 
tdilch  have  these  slngularlties3. 

Using  the  concept  of  orthogonal  loadings  3*^  it  can  be  shown  that  Jones' 
critezd-on  is  also  sufficient,  that  is,  it  actually  yields  a adnintxsi.  Let  a. 
and  be  two  angle  of  attack  distzd.buticns  and  p;.  and  p.  the  corresponding'*' 
lifts.  Define  ^ 

(o^,  ■ I «2  Pl^  ^ ® 

i.e..  Og)  is  one-half  the  autual  interference  drag  of  the  two  dlstrl- 

butions.  Then  (l,  is  orthogonal  to  02  if  (<L|,  O2)  * 0.  Sinco 

A 

(“l<  “l>  -J  h - * 

- 0 

it  is  ea^y  to  show  that  Schwars's  inequality  holds 

(«1»  - ^®1*  “1^ 


Now  let  be  any  a such  that 
o 

L . f d S - 0 

V 

Then  nultli^ylng  (>)  by  p^,  integrating,  and  applying  (1)  yields 


(a,  a^)  - 0 


80  that  any  a with  sero  total  lift  is  ort>bogonal  to  the  optinal 
the  a idd.ch  satlflee  (5).  The  converse  is  also  true.  If  o'  is 
that 


d S 


-/■ 


p d S - L 


a,  l.cc, 
any  a such 


then  a - o'  -a  since 
o 

[ (p  - p»)  d S - 0 


Thus 


or 


(a.  0-0*)  - 0 


(o,  o')  - (a,  o) 
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Using  (7) 


(a,  - (o,  a*)^  ^ (a,a)  (a*,  a*) 

(o,o)  £ (a»,  a‘) 

Thus  it  is  shown  that  of  all  adjsisaibl*  funettons  with  total  lift  L,  the 
angle  of  attack  distribution  satisfying  (5)  jlalds  ttie  least  drag. 

R.  ^EOmr 
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